Comments on Correlation Functions of Large Spin 
Operators and Null Polygonal Wilson Loops 



Carlos A. Cardona" '' 



a 



Instituto de Astronomm y Fisica del Espacio (CONICET-UBA) 
C.C. 67 - Sue. 28, 1428 Buenos Aires, Argentina 



^ Physics Department, University of Buenos Aires, CONICET. 
Ciudad Universitaria, 1428 Buenos Aires, Argentina 



Abstract 



We discuss the relation between correlation functions of twist-two large spin operators and ex- 
pectation values of Wilson loops along light-like trajectories. After presenting some heuristic 
field theoretical arguments suggesting this relation, we compute the divergent part of the cor- 
relator in the limit of large 't Hooft coupling and large spins, using a semi-classical worldsheet 
which asymptotically looks like a GKP rotating string. We show this diverges as expected from 
the expectation value of a null Wilson loop, namely, as ( ln^~^)^, fi being a cut-off of the theory. 
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1 Introduction 



In the last ten years much progress has been made concerning single trace operators in 
A/" = 4 SYM theory at both weak and strong coupling in the context of the AdS /CFT 
correspondence [IJ. On one hand, the integrability of the theory in the planar limit [2]-[H] 
has led to substantial advance, mainly in the computation of anomalous dimensions of 
these operators. Indeed, it has guided us to a deeper understanding on the spectrum of 
conformal anomalous dimensions [9]-[l2]- On the other hand, at the strong coupling limit 
of the theory, single-trace twist-two operators have been suggested to correspond to string 
states with angular momentum in the AdS^ sector of string theory on AdS^ x [13]. 
Concretely, twist two operators of the form[^ 

Os = Tr(<|. V{^. ... Vms} m^'-y , (1.1) 

with spin S and conformal dimension for large spin given by 

A = S + f{X)lnS , (1.2) 

are described at strong coupling by a macroscopic rotating string on AdS^. At large S, 
the leading contribution to the anomalous dimension comes from the classical solution. 



whose energy satisfies the same scaling with the spin as the conformal dimension (1.2) 

Other important objects which have been extensively studied during the last years 
are Wilson loops made from null lines. These have several interesting properties. To 
mention just a few, they are related to scattering amplitudes in gauge theories p^-[20]. 
particularly to deep inelastic scattering amplitudes in QCD [21]. But more relevant for 
the purposes of this note, they can be used also to compute the anomalous dimensions 



of the operators we would like to consider, namely, those of the form (1.1). This has 
been done at weak coupling in [221 123] and at strong coupling in [21] . The anomalous 
dimension 'completely' determines the two-point correlation function of the corresponding 
operator, suggesting that there is a relation between correlation functions of operators Os 
and expectation values of Wilson loops, in a similar way as the relation found between the 
latter and correlation functions of scalars in [23]. In this note we explore some possible 
connections between these two objects, both at strong coupling and weak coupling, which 
have been suggested before in [26] . 

At strong coupling, the expectation value of a Wilson loop is given by the area of the 
worldsheet which ends on it at the boundary of AdS^ [27]. Light-like polygonal Wilson 
loops have been extensively studied at strong coupling by Maldacena et al. [26l[28l[29| [30] . 
Expectation values of null Wilson loops contain ultraviolet divergences at weak and strong 
coupling. At weak coupling, they are associated with the fast moving particles through 
the Wilson light-like lines as well as with the existence of cusps, and at strong coupling, 
these are due to the infinite area of the world-sheet ending on the sides of the Wilson loops. 
On the other hand, correlators of large spin operators Os have two types of divergences. 
One type comes from the light-like distance limit between the operator and the other one 

^In this equation {• • • } means totally symmetrized and is an arbitrary vector. 
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comes from the large spin limit. As we will see, at strong coupling these two are somehow 
related. 

The calculation of the n-point function at strong coupling in the leading semiclassical 
approximation was shown in [3Tl|32l|33] to be intrinsically related to finding an appropriate 
classical solution of a string which ends on the boundary of AdS. Let V//. i = I, 
be the n— vertex operators inserted at points Zi on the worldsheet corresponding to a 
folded string]^ For large string tension, the n-point function should be dominated by its 
semiclassical limit i.e. by the action evaluated at its stationary point 



(n 

i=l 



VHM))--e-^^, (1.3) 



where A is the string action on AdS^ x in conformal gauge, which in the semiclassical 
limit is reduced to the area of the worldsheet. For the case of the two-point function, 
the appropriate classical solution corresponds to some analytical continuation of the GKP 
string , which reaches the boundary of AdS when the spin of the string goes to infinity. 
This implies that, in the limit we are considering, the area of the worldsheet diverges and 
should be somehow regularized, in the same way as for expectation values of Wilson lines 
at strong coupling. This should also happen in the classical solutions corresponding to 
higher point functions. Hence, the n-point functions split in a divergent contribution and 
a finite (regularized) part, 

n 

(YIVhM)) - e-^^^--^^-^K (1.4) 
1=1 

In this note we will study the divergent part of the correlator and we will show that it 
scales in the same way as the null polygonal Wilson loop associated with it|5 

The presentation is organized as follows. In section 2 we will give some hints from 
the field theory perspective supporting the relation between correlation functions of large 



spin operators (1.1) and expectation values of null polygonal Wilson loops. In section 3 
we will summarize the Pohlmeyer reduction of strings on Ad S3. This is a useful technique 
which reduces the problem of solving the string equations of motion to that of finding a 
solution of a generalized Sinh-Gordon equation. This reduction is particularly powerful 
when we want to explore and use the integrability of string theory on AdS spaces. In 
section 4 we will use the Pohlmeyer reduced fields in order to study worldsheet solutions 
which contain asymptotically folded strings at large spin and from these we will compute 
the corresponding regularized area. 



^We consider planar AdS /CFT duality, i.e. tree-level string theory. 

^ In a recent paper |34| the finite contribution A^cg of the 3-point correlator has been computed by 
exploiting the integrability of string theory on AdS^ through the use of the Pohlmeyer reduced system. 
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2 Field Theory Considerations 



In this section we will give some field theoretical evidence supporting the relation between 



the large spin limit of correlators involving the fields (1.1) and expectation values of 
null polygonal Wilson loops. We are considering operators of the schematic form Os = 
Tr[$(\^'^VAt)^'^]' which are characterized by the spin number S and the conformal weight 
A. In the large spin limit, we expect that each operator will emit a pair of particles and 
we will compute the correlation functions in the limit in which the emitted particles tend 
to follow light-like directions. In order to make direct contact with Wilson loops, we recall 
that the operator Os arises in a power series expansion of a Wilson line 

W{V) = Tr (^$(0) e^o^^dv^^^y^.^'^ ^ g^OsiV) . (2.1) 

s=o 

We will choose the vector along a null direction x~ which means we are taking the 
Wilson line along the given null direction. That will not necessarily happen for finite spin 
S, but it is certainly the case for infinite spin limit. In that limit, correlators of Wilson 
lines of the type above should be dominated by the operators with large spin. Hence we 
will consider correlators of Wilson lines along null directions. Alternatively, as it has been 
argued in [26] and can be deduced through AdS /CFT considerations, the insertion of an 
operator Os produces a displacement between fields $ along the x~ direction joined by 
an adjoint Wilson line connecting the two-operators. Moreover, the larger the spin the 
larger the distance between fields and they become displaced along the null direction as 
the spin goes to infinity. 

In this section we will follow the lines of [21] in order to compute the correlator between 



Wilson lines (2.1 ) along null directions. Let us suppose one of the line operators emits two 
particles of momentum p and p' as shown in figure l|^ and compute its propagator at one 
loop. Consider the absorption of a gluon with momentum k and gauge potential A'^{k) 
emitted by the Wilson line. In the momentum representation, this process contributes to 
the correlator the following vertex]^ 

d^k {2p' + k)^ 



(27r)4 {{p' + kf + le 



-A^'ik) . (2.2) 



In the massless limit or light-like trajectories, this vertex has singularities when k is 
coUinear to p' and for soft gluons ~ 0. It has been argued in [21] that when the 
momentum k is collinear to p', the components of A^{k) transverse to k contribute to 
higher twist and can be neglected in the limit we are considering. 



^The particles p and p' are single particle states of the scalar <I> 
^Here we have used the scalar-vector vertex, see appendix in [35 
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1 p'+k 



Fig. 1: One loop correction to the two-particles emission process from a Wilson line. Right hand 
side of the orange dotted line corresponds to the correction to the propagator of the particle 
with momentum p'. 



Hence only longitudinal polarization survives and A'^ becomes pure gauge, 

y-Aik) 



y ■ k + ie 



(2.3) 



Being a vector along the path followed by the particle. Inserting (2.3) into (2.2), the 
absorption vertex is now given by. 
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d^k fyA{k) 



(27r)4 \y.k + ie 



dry^A'^iyr) 



dy ■ A{y) . 



(2.4) 



Summing all contributions at any number of loops of p'— coUinear gluons, we should finally 
obtain that the propagator corresponding to the emitted particle in the light-cone limit 
due to the interaction with gluons turns out to be 



e;(Ax+) = Gfree(Aa;+)Pexp \ig dy ■ A{y) 



(2.5) 



where Gf^ee corresponds to the propagator for the free particle propagating between points 
and X2 separated by a light-like distance Ax"*". This can be justified in the following 



way. Since the Wilson line (2.1) is dominated by the contributions of local operators at 
large spin S, it could be thought of as a very fast particle propagating in the x~ direction 
which after a given threshold starts to emit particles and gluons. When the gluons and 
particles emitted are coUinear, a divergence in the propagator of the emitted particle 
occurs, dominating the whole propagator. Since coUinear gluons are pure gauge, they 
cannot change the state of the particle but only its phase. That pure phase is given by 



the Wilson line (2.5) along the light-like direction x^ 



Another way to see this is based on the arguments given in [25]. The propagator of a 
scalar particle propagating between points x~ and interacting with a gauge field is 
given by replacing the free scalar propagator by the propagator in the background gluon 
field S{x~ ,x~^^; A), which satisfies the Green equation 



tD'^D^S{x,y;A) = 5' 



X 



y) 



(2.6) 
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with = dx ~ ■'■^ light-cone hmit, it is convenient to look for a solution 

of the above equation of the form (2.5) times some function of x which goes to one when 
X tends to x^ . 

Concerning to divergences coming from soft glouns, we expect they cancel against 
virtual gluon corrections as in deep inelastic scatterings in QCD. 

In principle, besides the gluon absorption vertex, we should consider scalar absorption 
vertices also. However it has been claimed in [221 ES]; using OPE arguments, that such 
kind of vertices only contribute at higher twist and consequently their contributions are 
suppressed in the light-like limit. 

Finally, putting all the Wilson lines together, i.e, replacing local operators by Wilson 
lines of the type (2.1) and interchanging particle propagators with (2.5), the entire corre- 
lator becomes a polygonal Wilson loop with light-like edges, which in the very large spin 
limit we expect to be dominated by the contributions of local operators in the expansion 
(2.1) with large S, in a similar way like in the expectation value of a Wilson line with a 
single cusp |2 



3 Pohlmeyer reduction for strings on AdS^ 

In order to set some notation in this section we briefly review the Pohlmeyer reduction of 
strings on AdS^ proposed in [351 [36] (see also [371 [28] cind references therein). We closely 
follow the notation of [2H]- It is worth mentioning that along this note we will consider 
only an AdS^ factor of the total AdS^ space. However, we think the results could be 
generalized to AdS^. 

AdSd spaces can be written as the following hyperboloid in R^''^~^ 

Y -Y = -Y\ - Y^ + + ... + Yl_^ = _i . (3.1) 

In terms of these embedding coordinates, the equations of motion for the bosonic string 
are given by 

ddY - {dY ■ dY)Y = , (3.2) 
and the Virasoro constraints read 

dY ■ dY = By ■ By = 0. (3.3) 

Let us start defining the reduced fields a and p in AdS^ as, 

^2a(z,z) ^ -dY-BY, 
2 

p=-lN-d^Y, p=^N.B^Y, 

Na = ^eabcdY'dY'^BY'' . (3.4) 
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From (3.4) and (3.2) it can be shown that p = p{z) is a holomorphic function]^ where we 
have parametrized the world-sheet in terms of complex variables z and z. Let us introduce 
the following basis of four-vectors in i?^'^ 

qi = Y , q, = e-''dY, q, = e-'^dY , q, = N, (3.5) 

which satisfies 

qi^ = -1 , 92.g3 = 2, = 1 , (3.6) 

with the remaining qi.qj = 0. The last property along with the equivalence between 
5*0(2,2) and SL{2) x SL(2) allows to write the basis vectors in the following matrix 
representation 

W being an SL{2) x SL(2) element. The components of this matrix have indices Waa,aa- 
The first two indices denote rows and columns in the above matrix, while the other two 
are associated with the space-time bispinor representation of each g^, i.e, 

{qi)aa = qi,,,Craa^ = (1, ^0^3, O"!, -(^2) ■ (3.8) 

The two SL{2) symmetries of the AdS^ target space corresponds to the SL{2) group 
acting on the index a and the SL{2) that acts on the index a. The basis vectors (3.5) 
define the SL{2) connections B^'^ given by 



^L_( Ida -e" \ L_ (-Ida -e-y{z)\ 

e-y{z)\ R_( \da -e" \ 

~ I -e" hda h - [e-"v(z) -hda ' ^^'^^^ 



The consistency conditions of the equations (3.2) imply that these connections are flat 

dB^ - BB^ + [B^, B^] = , dB^ - dBf + [5f , Bf] = . (3.11) 

These imply that j9 is a holomorphic function and that a satisfies the generalized sinh- 
Gordon equation 

dda{z, z) - e^"^"'^) + \p{z)\^e-^''^'~'^ = . (3.12) 

We are especially interested in the area of the worldsheet, which is given in terms of the 
reduced fields by, 

A = 4: [ (fze^''. (3.13) 



Given a solution of the generalized sinh-Gordon model, one can find the associated clas- 
sical string worldsheet. In order to do that, consider the auxiliary linear problem [28] 



^For the real solutions considered in this paper, p{z) and p{z) are complex conjugates. This condition 
could in principle be relaxed. 
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^V^f + (5f )/^| = 0, d^p^ + )/^| = . 



(3.14) 



We denote by , a = 1, 2, and ip^a^ ^ = 1; 2, the two independent solutions for the left 
and right linear equations respectively. Since the connections are in SL{2), we can define 
an SL{2) invariant product and use it to normalize the pair of solutions as 



f},b 



'ab ■ 



(3.15) 



It is easy to see from (3.14) that the normalizations (3.15) are both constant and then 
they can be evaluated at any point. Now we can reconstruct the space-time worlsheet 
coordinates from these solutions through the matrix Waa ad, as has been explained in 



(3.16) 



2,2 



This could be justified noticing that each component of W in (3.7) is a null vector in R 
so they can be written as a product of spinors. The explicit form of the target coordinates 
is given by the element qi in (3.7), which can be written as 



and similarly for the other qi 



4 Large spin limit of the GKP String in reduced 
fields 

In this section we would like to explain how to compute the divergent part of the world- 
sheet area A^n following an approach similar to the one used in p8]. In order to do that 
we will use the reduced fields just described in the section above in the particular case of 
a worldsheet which contains asymptotic large spin limit of GKP strings. 

In global coordinates the GKP string at large spin 5* is given in worldsheet coordinates 
(r, a) by [Ml [13] 

t = KT, 6 = UT, p = p{a), — )■ K ~ — InS" . (4.1) 

In embedding coordinates its looks like 

Y_i + iYo = e'^" coshp(a), + iY2 = e'^^ sinhp(a) . (4.2) 



Inserting the last coordinates in (3.4), we get that the GKP strings are described by the 
following reduced fields in cylindrical coordinates w = t + ia, 

pH = -^, e-(--) = ^. (4.3) 

Going to the plane through the conformal transformation 2; = e'" we have 

^2 

p{z) = - — , e2°("'''^) = (4.4) 
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As we can see, p{z) encodes the information on the vertex positions, which in this case 
appear at z = 0, oo. Now we would hke to solve the linear problem (3.14) associated to 
the folded string. It is easier to solve it first in w-coordinates, since the reduced fields do 
not depend on the coordinates there. Doing so we obtain (see [M] ) 

^ = ^^ = -^e±f«-^-C-)(^\) , (4.5) 

where A = diag{p~^^'^ e^'^^^p^^'^ e~°'^'^) and we have introduced a spectral parameter ( in 
order to write the solutions in a compact way. The actual space time solutions are given 
by C = 1 for and C = for Taking z = re**^, on the 2;— plane, the above solutions 
behave as 

where v's are given by 

= (7) , V,. = , vn+ = Q , vn- = • (4.7) 

Every solution can be written as a linear combination of the above rj solutions. Hence, 
we choose the following arbitrary combinations as a basis of solutions 

= Q,,r/^'', V^f = Q,,r/^'', a,d = l,2. (4.8) 

Generically, we are looking for solutions behaving as those above near each singularity 
produced by the insertion of a vertex operator. Namely, generically we assume the function 
p{z) has n-singularities at points Zi, describing the insertion of vertex operators in the 
z— plane. More explicitly, we assume the function p{z) behaves near singularities in the 
following way 

,2 



i=l ^ ' 

Ki being a parameter related to the large spin of the operator in the corresponding singu- 
larity, a is given by e^"^"''"'-' = -y/pp near each insertion, and we assume the singularities 
are far enough from each other in order to preserve the approximation. Hence, near each 
singular point, the basis of solutions behaves as 

V'a^-Q.ai?/^'', ^fi~Q,ai?7^'', a, a =1,2, % = \,...,n-\. (4.10) 

In order to see how the solutions approach each vertex insertion in the generic case, it is 
convenient to write them in (2;, z) coordinates 



^""^ -W{{z - z,){z - -z:)f^^l\ r^^^-n^ • (4.11) 

i=i i=i 

The target space coordinates can be recovered from the above solutions using (3.17), such 
that in Poincare coordinates (Z, x^) we have 

\=Y^i. x+ = ^, x- = ^, x± = xo±a;i. (4.12) 
^ -'li ^li 
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As we see from (4.11), some solutions get bigger and some get smaller when we approach 
the vertex. Therefore the target coordinates will be dominated by the big solutions 



when evaluated near the insertions. Then, from (3.17) and (4.10), they are schematically 
approximated near the singularities by 



Y ■ 



Lbig Rb 



(4.13) 



where the label 'big' on the coefficients means we keep only those multiplying the t]^'^ 
which become bigger near the given Zi and fugiz — Zi,z — Zi) is the large contribution 
coming from the 7]^'^ which grows up the most. 



c 



L big R big 



li 



n Dig f ( - - 

. Jbigl,^ ^i) Z 



X 



hi 



^Rh 

hi 



X 



big 

^2i 
big 



(4.14) 



4.1 Divergent area 



IV 



As we already mentioned, the source of divergences for the area comes from the regions 
close to the insertions, which are precisely the regions where the string approaches the 
boundary of AdS. Therefore, it is obvious that putting a worldsheet cutoff near each 
singularity is completely equivalent to putting a cutoff in target space for the coordinate 
Z close to the boundary, which at the same time corresponds, through AdS/CFT, to 
putting an ultraviolet cutoff on the energy of the process. In this section we will show 
how the divergent contribution to the correlator (1.4) at strong coupling, Adiv, is related to 



the space-time cutoff and how it depends on the dynamics of the string at the boundary. 



From equations (4.6) and (4.10) we can see the large spin solutions diverge near = 
±7r/2, r = ±cxD, and therefore, the worldsheet is approaching the boundary at those 
points. Moreover, as we will see, the worldsh eet ap proaches the boundary on light-like 
trajectories. This can be seen from equation (4.14), realizing that some coefficients cjj^f 
are equal for consecutive i.e, the points i and i + 1 have the same, lets say, x'l coordinate 
and therefore they are joined by a null line. 



The area is given by (3.13), and the divergent part of it comes from the regions near 

In I — = 



singularities, and as we said, near each singularity e 



hence 



div 



(i^ z ^/p{z)p{z) 



(4.15) 



But since the leading contribution to the divergent area comes from the regions very 
near the singularities of p{z), we are going to isolate the contributions of each Zi and 
approximate A^iv as 



A,^ = -4 / d^z r. -4vr Y: kl Ine 



(4.16) 



J\z-Zi\><i. 



where we have regularized the integral through a worldsheet cutoff e. As we mentioned, 
when we approach the singular points Zi, the worldsheet gets closer to the boundary, and 
hence the worldsheet cutoff e should be related to some physical cutoff 1/Z = 1/ ji, ji « 1, 
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which corresponds to putting a brane very close to the boundary where the tips of the 
folded string will end in the limit of infinite spin. 

Without loss of generality, let us start considering only three operator insertions, 
taking ki, K3 > and k,2 < 0. As we see from equation (4.13), the behaviour of the 
target coordinates near the boundary is well approximated by the big solutions near each 
vertex. Which solution becomes big depends on the radial distance to the insertion as 
well as on the angle around the insertion. In order to visualize the behavior of the target 
space coordinates near the insertions, we display the figures 2 and 3. Here we will consider 
only the half z— plane because in the large S limit, the folded strings bend into two equal 
pieces, and then the area could be computed as two times the area corresponding to a 
half of the folded worldsheet (for details see [51]). 



r?v - - 



z-plane 




z2 4 



-r7^ 



z3 6 



fig.2: Half z— plane with three holes of size e representing the position of the insertions. 



Points 1, 3, 5 correspond to angles 7r/2 and points 2, 4, 6 correspond to angles — 7r/2 
around the corresponding insertion. As we will see, red lines and green lines map to the 
null directions defining the Wilson loop. Therefore, the points 1, 2, 6 correspond in the 
space-time to the cusp of the null Wilson loop. Let us denote the positions of those cusps 
as {Zi, xf), and see how we approach the boundary around each cusp. Since ki, K3 > 
and K2 < 0, we have according to (4.13), 



1 

Z~i 
1 
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1 
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(4.17) 
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As we mentioned in section 4, we can see from the equations above that the target 
positions of points connecting red hnes on the worldsheet (see fig. 2) hve on the same null 
lines in space-time, i.e 



X2 , 



X 



4 ? 




Fig. 2: Mapping of the boundaries of the half-worlsheet into space-time light-like Unes. 



The coordinates displayed in (4.17) are good approximations to the exact string solution 



only in the neighborhood of each insertion (think about each insertion as an asymptotic 
state in target space). Each asymptotic state is connected to each other through the 
worldsheet, but since we do not know the exact solution, we cannot determine how these 
states are exactly correlated. One way to relate each insertion to each other is by using 
the so-called monodromy matrix. As the auxiliary linear problem has two independent 
solutions, with a basis given by {ipi,ip2), we expect that as one analytically continues 
them around a singularity, they get linearly transformed as 



^2 



S 



(4.18) 



It is worth mentioning that the monodromy matrix should belong to 5'L(2,i?)j^ and 
therefore it satisfies detl^l = 1. Applying (4.18) to (4.10), we see that we can reinterpret 



(4.18) as 



(4.19) 



with a similar relation for the coefficients and a, /3 = ±. 



^We have written Y eSO(2,2) as an element Yah ^ V'aV'f of SL(2,R)xSL(2,R), or in other words, 
the eigenvectors of S should live on a representation of SL(2,R). 



12 



According to the discussion in section 2, we expect that the leading contribution to 
the correlator comes from the particles propagating between the operators through nearly 
null trajectories. Let us start imposing a null trajectory condition to the path connecting 
cusp two to cusp three 

^L- L+ qL+ LP 

- — — - — 1^ — /3, 2^1^2,1 X 

^2 - L- - ^3 - L+ - qL+ L- ' l^-^UJ 
•"l,! '"1,2 ^/3,2-s>l'"l,l 

therefore, the 5^— matrix should satisfy S^\.-^ = 0, and from the determinant we get 



where we have defined S_ 2^1 = Doing the same for the points connecting cusps 4 

and 5 and cusps 6 and 1, we end up wit 



Now we would like to compute the distances between consecutive points, or the separation 
length of points living on a null line. Let us start considering 



'^2,1 '^lA ''I,! ''2,1 



^1,1 ''I,! ''I,! ''I,! 



(4.23) 



Recalling we have normalized the basis of solutions in each sector as (V^f j , = 1, we 
get ^ 

- X2 = — T—j- = ■ (4-24) 



'^1,1 '^1,1 



On the other hand, we have X2 = , and then 



2,1 


2,2 _ 


"2,1 


^1,1 


„R+ ~ 

%2 


i,i i,2 



^2 ^3 — R- _R4- — R- ' R+ ' (4.25) 



where we have defined 

^R _ rR-(QR+ ^R+ , cR+ r^-\_r^-(QR+ ^R+ , cR+ ^R-\ 

"2,1 ~ 2,1 + 2^1*^1,1 ^-2-->l'-i^i J 4,1 2^1*^2,1 ^ '-^-2^l'^2,l / 

= «i,<i)5^Li = 72^i', ' ' ' (4.26) 

with S^2~¥i = •^2-^1- The parameters 'jf^i^i parametrize our ignorance on the exact 
solution and we cannot compute them only using the approximated solutions around the 



^These monodromy matrices take the form of the Stokes matrices considered in [2H| by using a different 
argument. 
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insertions. Introducing a cutoff /ij given by the value of Zj closest to the boundary and 
recalling that the worldsheet cutoff is defined by |z — Zi| > we have from (4.17) 

- In/xi = Hc{+cf-) - Ki Inei , (4.27) 
- ln/X2 = \n{c{-icf-^) - /ti lne2 . (4.28) 

Where we have dropped the term depending on because the cutoff has been defined for 
the entire angular region around the insertion. Summing up (4.27) and (4.28) and using 
( |4.24[ ), we get 

— Ki lneie2 = (— ln/ii/i2 + lnx72 + 2 lnc^'~) . (4.29) 

In the strict infinite spin limit, the parameter k goes to infinity as well, as can be seen 
from (4.1), introducing another kind of divergence, different from that associated to the 
worldsheet approaching the boundary and therefore independent of the worldsheet cutoff. 
In order to isolate the dependence of k on the space-time cutoff, we evaluate the first 
equation in (4.17) a slightly away from the insertions but not too far in order to avoid 
spoiling the approximation, and find 

g{z^)ni = - In/ii - ln(cf |cf ^) = - In/ii + In^i , 



(4.30) 



where the point is arbitrary, not too far from the insertion and we have defined ui 



The function g{z) is given by. 



g{z = re^*) = In 



(4.31) 



Let us argue about the natural choice of z^. For rj < 1 the space-time coordinates start 
to feel the presence of the divergence associated with the proximity of the boundary and 
for > 1 we start to spoil the approximation. On the other hand for close to ±7r/2 
the coordinates are close to the boundary again. Therefore, the natural choice seems to 



be Zi = e^^ and then g{z^ 



Inserting (4.30) into (4.29) we have that 



— nnf lneie2 = (— In/^i + lnMi)(— lnyUi/i2 + lnX]^2 + 2 ) 



Similarly, we get 



ttkI \ne2e-i 



ln/i2 + lnM2)(- ln/U2/i3 + lnx34 + 2 Inc^' 
ln/i3 + lnM3)(- ln/i3/ii + Inx^g + 2 Inc^ 



R, 



(4.32) 

(4.33) 
(4.34) 



Of course we should take the same cutoff in different directions, i.e. /i, = /i and = e, 
but the quantities Ui, z = 1, 2, 3 do not have to be equal in different directions. However, 



^This argument seems to be a bit arbitrary, but we mainly would like to show the logarithmic scaling 
of K with fi. 
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we will take them approximately equal in comparison with the In/x accompanying them 
Ml ~ M2 ~ Ms, hence 



A 



div 



-47r ^ kj Inei 

i=l 

3 

4(— In/i + lnMi)(^^ 2 lnc^^~ — 6 In/i + lnx^2 + 1^^34 + 



(4.35) 



where we have defined c^'^ = c"^'^ , c^^ = ' ~ 3 " Using (4.17) and (4.26) pi 
the similar relations for x^g and x^i, it is easy to see that 



i=l 

^R- ~R. 



R,+ ~i?r 



US 



I]21ngJ = lnx+ + lnx+ + lnx+ + In {j^^.J^^^^lLs) 



(4.36) 



1=1 



Putting all those things together we get 

^div ~ 4(- In/i + Inwi) X 

(—6 In/i + \nx12 + ^^^34 + I'^^se + ^^^23 
+ lnx+ + ln4i + In (72^1731271^3)) • 

For the sake of simplicity, let us redefine variables in the following way 



X 



12 



^1 ! ^34 



^2 ? ^56 



^3 ' ^23 — ^1 ' ^45 



^2 5 ^61 



We can now rewrite the divergent area as 
3 

^div ~ 4^(- V + lnMi)(-21n/i + ln[x+xr] + In (72'li73'l27f-.3)) 



(4.37) 



(4.38) 



(4.39) 



i=l 



As we have seen, the coefficients c^" are associated with the space-time coordinates. So 
we would like to write the expression only in terms of the x~^,x~. We illustrate that by 



working on the first term from the sum (4.39), 

3 



^div ~ 4 ^(- In/i + \nUi)Bi 



(4.40) 



i=l 



being. 



^ (-2 In/i + ln[x+xr] + In (72li73l27f-.3) ) • (4-41) 
Summing and subtracting (— In/i + Incf ^cf ^) inside the first bracket in Adn we get, 

(-21n/i + lnx^2 + lna;^3)^i - (- + lnMi)5i , (4.42) 
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Notice that with (4.38) we are associating two consecutive hght-hke directions for each i, [i = 1, 2, 3), 
hence in the expression for A^iv (4.39) or (4.43) the number of hght-hke segments involved are 2x3 and 
then (4.43) should be related to the hexagonal Wilson loop. 
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where we have defined Ui = c^^ c^^ . Doing the same for the remaining terms into the 
sum (i.e, summing and subtracting the lacking factor that builds the corresponding coor- 
dinates), we end up with, 



^div ~ 

3 

i=l 



i=l 



In 



Ui 



ln[^] + In (7f-.i73^27f:.3) 



(4.43) 



Defining 7/L.j_,_i = li+i^i ; generalize A^iv to the case of 2?7,— null fines or ?i— vertex 
insertions as. 



1=1 



i=l 



Ini^ 



In n^.^m 



In 



Ui 



Ini^ 



''n+1 



.j=i 



(4.44) 



Where n + 1 = 1. The form of the first line coincides with the most divergent term in the 
expectation value of a null Wilson loop, computed at strong coupling in ^E], and given 
the presence of the matrices 7^, the two terms in the second line will depend on the exact 
solution. 



5 Conclusions 

In this paper we have considered a light-like limit of correlation functions involving op- 
erators of high spin. We have argued that in the large spin limit, correlators should be 
related to expectation values of Wilson loops along paths lying on the light cone. At 
strong 't Hooft coupling we performed a semi-classical computation of the divergent part 
of the correlator and found that it scales with the cut-off in the same way the expectation 
value of a null Wilson loop does. 

In order to confirm the correspondence between Wilson loops and high spin correlation 
functions, at least at semi-classical level, we should find an exact classical solution of a 
string in AdS which contains GKP classical states and has the topology of a sphere with 
n-vertex insertions. As far as we know, that solution is unknown. However, the correlator 
could be computed semi-classically by using integrability, as has been done at strong 
coupling for the finite part in |3l] and at weak coupling in jlO] . The next interesting step 
could be to use the results in |3l] in order to extract the finite part of the Wilson loops 
from the correlators. 
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